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Abstract 



Stochastic partial differential equations driven by Poisson random measures (PRM) have 
been proposed as models for many different physical systems, where they are viewed as a 
refinement of a corresponding noiseless partial differential equation (PDE). A systematic 
framework for the study of probabilities of deviations of the stochastic PDE from the deter- 
ministic PDE is through the theory of large deviations. The goal of this work is to develop 
^1 ' the large deviation theory for small Poisson noise perturbations of a general class of deter- 

f^ I ministic infinite dimensional models. Although the analogous questions for finite dimensional 

\l ' systems have been well studied, there are currently no general results in the infinite dimen- 

fT^ I sional setting. This is in part due to the fact that in this setting solutions may have little 

^D ' spatial regularity, and thus classical approximation methods for large deviation analysis be- 

^N I come intractable. The approach taken here, which is based on a variational representation 

for nonnegative functionals of general PRM, reduces the proof of the large deviation prin- 
ciple to establishing basic qualitative properties for controlled analogues of the underlying 
stochastic system. As an illustration of the general theory, we consider a particular system 
that models the spread of a pollutant in a waterway. 
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1 Introduction 



Stochastic partial differential equations driven by Poisson random measures arise in many dif- 
ferent fields. For example, they have been used to develop models for neuronal activity that 
account for synaptic impulses occurring randomly, both in time and at different locations of a 
spatially extended neuron. Other applications arise in chemical reaction-diffusion systems and 
stochastic turbulence models. The starting point in all these application areas are deterministic 
partial differential equations (PDF) that capture the underlying physics. One then develops a 
stochastic evolution model driven by a suitable Poisson noise process to take into account ran- 
dom inputs or effects to the nominal deterministic dynamics. In typical settings the solutions 
of these stochastic evolution equations are not smooth. In fact in many applications of interest 
they are not even random fields (that is, function valued), and therefore an appropriate frame- 
work is given through the theory of generalized functions. A systematic theory of existence and 
uniqueness of solutions (both weak and pathwise) for such stochastic partial differential equa- 
tions (SPDE) driven by Poisson random measures has been developed in |20j . Our objective in 
this work is to study some large deviation problems associated with such stochastic systems. 

Large deviation properties of SPDF driven by infinite dimensional Brownian motions (e.g. 
Brownian sheets) have been extensively studied. In a typical such setting one considers a small 
parameter multiplying the noise term and is interested in asymptotic probabilities of non-nominal 
behavior as the parameter approaches zero. This is the classical Freidlin-Wentzell problem that 
has been studied in numerous papers (see the references in [7]). Earlier works on this family 
of problems were based on ideas of [1] and relied on discretizations and other approximations 
combined with 'super-exponential closeness' probability estimates. For many models of interest, 
particularly those arising from fluid dynamics and turbulence, developing the required exponen- 
tial probability estimates is a daunting task and consequently simpler alternative methods are 
of interest. In recent years an approach based on certain variational representation formulas 
for moments of nonnegative functionals of Brownian motions [7] has been increasingly used for 
the study of the small noise large deviation problem for Brownian motion driven infinite dimen- 
sional systems [^ElSliniliaillESllHESEelETlEOlElllMlETlEg The main appealing 
feature of this approach is that it completely bypasses approximation/discretization arguments 
and exponential probability estimates, and in their place essentially requires a basic qualitative 
understanding of existence, uniqueness and stability (under 'bounded' perturbations) of certain 
controlled analogues of the underlying stochastic dynamical system of interest. 

Large deviation results for finite dimensional stochastic differential equations with a Poisson 
noise term has been studied by several authors |33 ^ l22 ^ [T5 | lllj. For infinite dimensional models 
with jumps, very little is available. One exception is the paper [28] that obtains large deviation 
results for an Ornstein-Uhlenbeck type process driven by an infinite dimensional Levy noise. 
One reason there is relatively little work in the Poisson noise setting is that approximation 
arguments that one uses for Brownian noise models become much more onerous in the Poisson 
setting, and for general infinite dimensional models the approach of [1] becomes intractable. 
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With the expectation that it would prove useful for the study of large deviations for SPDEs 
driven by Poisson Random Measures (PRM), the paper [9] developed a variational representa- 
tion, for moments of non negative functionals of PRMs, which is analogous to the representation 
given in [5l [7] for the Brownian motion case. The paper [9] also obtained large deviation re- 
sults for a basic model of a finite dimensional jump-diffusion to illustrate the applicability of 
this variational representation for the study of large deviation problems for models with jumps. 
However the feasibility of this approach for the study of complex infinite dimensional stochastic 
dynamical systems driven by Poisson random measures has not been addressed to date. 

The goal of this work is to demonstrate that the approach based on variational represen- 
tations that has been very successful for obtaining large deviation results for system driven by 
Brownian noises works equally well for SPDE models driven by PRMs. As in the Brownian case 
we study the small noise problem, which in the Poisson setting means that the jump intensity 
is 0(e~^) and jump sizes are 0(e), where e is a small parameter. We consider a rather general 
family of models of the form 

X^ = X^+ [ A{s,XI)ds + e I [ G{s,Xl_,v)N'~\dsdv), (1.1) 

Jo Jo Jx 

where N"" is a Poisson random measure on [0, T] xX with a cr-finite mean measure e~^XT®i^, At 
is the Lebesgue measure on [0,r] and N^'\[0,t] x B) = iV^"'([0,t] x B)-e-^tu{B), V5 € B{X) 
with i'{B) < oo, is the compensated Poisson random measure. 

As noted previously, a key issue with a Poisson noise model is the selection of an appropriate 
state space, since it is natural and often convenient for there to be little spatial regularity. 
However, many of these foundational issues have been satisfactorily resolved in [20], where 
pathwise existence and uniqueness of SPDE of the form p.ip are treated under rather general 
conditions. In the framework of [20] solutions lie in the space of RCLL trajectories that take 
values in the dual of a suitable nuclear space. This framework covers many specific application 
settings that have been studied in the literature (e.g., spatially extended neuron models, chemical 
reaction-diffusion systems, etc.). In a parallel with the case of Brownian noise, one finds that 
the estimates needed for establishing the well-posedness of the equation are precisely the ones 
that are key for the proof of the large deviation result as well. 

The paper is organized as follows. We begin in Section [2] with some background results. The 
variational representation from [9] is recalled and also a general large deviation result established 
in that paper is presented. Also summarized are basic existence and uniqueness results from 
|20| for SPDEs with solutions in the duals of Countably Hilbertian Nuclear Spaces (CHNS). 
In Section [3] we study the small noise problem and state verifiable conditions on the model 
data in (jl.ip under which a large deviations principle holds. Section 2] considers a particular 
system designed to model the spread of a pollutant in a waterway, and verifies all the conditions 
assumed on (jl.ip . Finally, the Appendix collects some auxiliary results. 

The following notation will be used. For a topological space £, denote the corresponding 
Borel cr-field by B{£). We will use the symbol "=►" to denote convergence in distribution. Let 
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N, No, Z,]R,]R+,M denote the set of positive integers, non-negative integers, integers, real num- 
bers, positive real numbers, and d-dimensional real vectors respectively. For a Polish space X, 
denote by C([0,T] : X) and Z)([0,T] : X) the space of continuous functions and right continuous 
functions with left limits from [0, T] to X, endowed with the uniform and Skorokhod topol- 
ogy, respectively. For a metric space £, denote by Mb{£) and Cb{£) the space of real bounded 
i3(iS)/;B(]R)-measurable maps and real continuous bounded functions respectively. For a measure 
z^ on 1? and a Hilbert space H, let L?'{£,v] H) denote the space of measurable functions / from £ 
to H such that /^ ||/(t;)|pi'(dt;) < oo, where || -H is the norm on H. For a function x : [0, T] — )• £, 
we use the notation xt and x{t) interchangeably for the evaluation of x at t G [0, T]. A simi- 
lar convention will be followed for stochastic processes. We say a collection {X'^} of £^-valued 
random variables is tight if the distributions of X'^ are tight in V{£) (the space of probability 
measures on £). 

A function I : £ ^ [0,oo] is called a rate function on £, if for each M < oo the level set 
{x G £" : I{x) < M} is a compact subset of £. A sequence {X^} of £ valued random variables 
is said to satisfy the Laplace principle upper bound (respectively lower bound) on £ with rate 
function / if for all h £ Cb{£) 



and, respectively. 



lim sup e log E < exp 

e-S-O I 



lim inf e log E < exp 



--h{X' 



--h{X' 



< -mf{h{x) + I{x)}, 



> -m{{h{x)+I{x)}. 

xe£ 



The Laplace principle is said to hold for {X''} with rate function / if both the Laplace upper and 
lower bounds hold. It is well known that when iS is a Polish space, the family {X^} satisfies the 
Laplace principle upper (respectively lower) bound with a rate function / on £ if and only if {X^} 
satisfies the large deviation upper (respectively lower) bound for all closed sets (respectively open 
sets) with the rate function /. For a proof of this statement we refer the reader to Section 1.2 
of [15]. 



2 Preliminaries 



2.1 Poisson Random Measure and a Variational Representation 



Let X be a locally compact Polish space. Let MpcO^) be the space of all measures z^ on (X, ;B(X)) 
such that I'i^K) < oo for every compact K in X. Endow AipcC^) with the weakest topology 
such that for every / G Cd'^) (the space of continuous functions with compact support), the 
function v i— > (/, z^) = J^ f{u)dv{u), v G J^pc^^ is continuous. This topology can be metrized 
such that Mfc^) is a Polish space (see e.g. [9]). Fix T G (0,oo) and let Xt = [0,r] x X. Fix 
a measure v G A^irc'(X), and let vp = \t ® v^ where At is Lebesgue measure on [0, T\. 
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We recall that a Poisson random measure n on Xy with mean measure (or intensity measure) 
VT is a MfcO^t) valued random variable such that for each B G B{^t) with vt{B) < oo, n{B) 
is Poisson distributed with mean vt{B) and for disjoint Bi,...,Bk £ ;S(Xt), n(i?i ),..., n(i?fc) 
are mutually independent random variables (cf. jl7|). Denote by P the measure induced by 
n on {Mfc(^t),B{Mfc{'^t)))- Then letting M = MfcC^t), ^ ^s the unique probability 
measure on (M,;B(M)) under which the canonical map, A^ : M — t- WE.,N{m) = to, is a Poisson 
random measure with intensity measure ut- With applications to large deviations in mind, we 
also consider, for 9 > 0, probability measures ¥g on (M, ;B(M)) under which A^ is a Poisson 
random measure with intensity Oi/f ■ The corresponding expectation operators will be denoted 
by E and Eg, respectively. We now present a variational representation, obtained in [9], for 
— logEe(exp[— i^(A^)]), where F S Mb(M), in terms of a Poisson random measure constructed 
on a larger space. We begin by describing this construction. 

The analysis of large deviation properties for a process such as (II. ID is simplified considerably 
by a convenient control representation for the exponential integrals appearing in the Laplace 
principle. In contrast with the case of Brownian motion, the formulation of a useful representa- 
tion is not immediate for Poisson noise. With a Poisson random measure, one needs a control 
that alters the intensity at time t and for jump type x from that of the underlying PRM to es- 
sentially any value in [0, oo) in a non-anticipating fashion. To accommodate this form of control, 
we augment the space of jump times and jump types by a variable r S [0, oo), and consider in 
place of the original PRM one whose intensity is a product of vt and Lebesgue measure on r. 
The desired jump intensities can then be obtained by "thinning" this variable. 

Thus we let Y = X X [0, oo) and Yt = [0, T] x Y. Let M = MfcC^t) and let P_be_the unique 
probability measure on (M, S(M)) under which the canonical map, iV : M — )• M.,N{m) = m, 
is a Poisson random measure with intensity measure i^T = At ® i^ 'K' Aqo, with Aqo Lebesgue 
measure on [0,oo). The corresponding expectation operator will be denoted by E. Let J^t = 
a{N{{0,s] X A) : < s < t,A e B{Y)}, and let Tt denote the completion under P. We denote 
by P the predictable cr-field on [0,r] x M with the filtration {ft:0<t<T}on {M,B{M)). 
Let A be the class of all {V 0B{X))/B[O, oo)-measurable maps 93 : X^ x M -;► [0, 00). For ip £ A, 
define a counting process N'^ on Xy by 



7V'^((0,t] xU)= / l[o,^(,,,)](r)iV((isdxdr), t G [0,T],U e B{X). (2.1) 

J {0,t]xU J {0,00) 

N^ is then the controlled random measure, with ip selecting the intensity for the points at 
location x and time s, in a possibly random but non-anticipating way. When ip{s,x,m) = 6 £ 
(0, 00), we write A^''' = A^ . Note that A^ has the same distribution with respect to P as A^ has 
with respect to ¥g. Define / : [0,oo) — )• [0, 00) by 

/(r) = r logr — r + 1, rG[0, 00). 

For any if £ A the quantity 

Lf{(p)= l{ip{t,x,u!))uT{dtdx) (2.2) 

Jxt 
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is well defined as a [0, oo]-valued random variable. The following is a representation formula 
proved in [9]. 



Theorem 2.1 Let F £ Mfe(M). Then, for 9 > 0, 

- logE9(e-^(^)) = - log]E(e-^(^'')) = inf E leiri^) + F(iV''^)' 



2.2 A General Large Deviation Result 

In this section, we summarize the main large deviation result of [9]. Let {Q^}e>o be a family 
of measurable maps from M to U, where U is some Polish space. We present below a sufficient 
condition for a large deviation principle to hold for the family Z^ = Q^{eN^ ), as e — )• 0. Define 

S^ = {g:XT^ [0, oo) : Lrig) < N} . (2.3) 

A function g G S^ can be identified with a measure i^j, G M, defined by 

u^(A) = / g{s,x)vT{dsdx), A G B{^t)- 
J A 

This identification induces a topology on 5^ under which S^ is a compact space. See the 
Appendix for a proof of this statement. Throughout we use this topology on S . Define 
S = Uiv>i'S''^, and let 

U^ = {ip£A: ip{w) G S^,f a.e. w}. 



The following condition will be sufficient to establish an LDP for a family {Z'^}e>o defined 
by Z'' = Q''{eN'' ). When applied to the SDE (jl.ip later on, Q'' will be the mapping that takes 
the PRM into X^ 



Condition 2.2 There exists a measurable map ^^ : M — > U such that the following hold. 

a. For A^ G N, let gn, g G S be such that g-n ^ 9 as n ^ oo. Then 

go (^.n) ^ go (^,) 

b. For A G N, let (Pe,(p G U^ be such that (/J^ converges in distribution to if as e — )■ 0. Then 
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The first condition requires continuity in the control for deterministic controlled systems. The 
second condition is a law of large numbers result for small noise controlled stochastic systems. 
In both cases we are allowed to assume the controls take values in a compact set. 

For G U, define S^ = {g £ E : <j) = gO(z/f,)}. Let / : U ^ [0, oo] be defined by 

I{4>) = inf {Lrig)} , <^ G U. (2.4) 

By convention, I{(j)) = oo if Sff, = . 

The following theorem was established in [9l Theorem 4.2]. 



Theorem 2.3 For e > 0, let Z'^ he defined by Z^ = Q''{eN'' ), and suppose that Condition \2.S\ 
holds. Then I defined as in ^2.4^ is a rate function on U and the family {Z'^}e>o satisfies a large 
deviation principle with rate function I. 



For applications, the following strengthened form of Theorem 12. 3 1 is useful. The proof follows 
by straightforward modifications; for completeness we include a sketch in the appendix. 

Let {Kn C X, n = 1, 2, . . .} be an increasing sequence of compact sets such that Uj^^i^^ = X. 
For each n let 

Ab,n = {^ ^ A: for aU {t,uj) G [0, T] x M, n > ip{t,x,u) > 1/n if x G i^n 

and ip{t, X, w) = 1 if X G K^} , 

and let A = LI^=iAb,n- Define U^ =U^ r\Ab. 

Theorem 2.4 Suppose Condition \2.2\ holds withlA^ replaced byU^ . Then the conclusions of 
Theorem \2.3\ continue to hold. 



2.3 A family of SPDEs driven by Poisson Random Measures 

In this section we introduce the basic SPDE model that will be studied in this work. We begin 
by giving a precise meaning to a solution for such a SPDE and then recall a result from |20j 
which gives sufficient conditions on the coefficients ensuring the strong existence and pathwise 
uniqueness of solutions. To introduce the solution space, we start with some basic definitions 

(cf. m)- 



Definition 2.5 Let £ be a vector space. A family of norms {\\ ■ \\p ■ P ^ No} on £ is called 
compatible if for any p,q G Nq, whenever {x„} <^ £ is a Cauchy sequence with respect to both 
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II • lip and II • llg, and converges to with respect to one norm, then it also converges to with 
respect to the other norm. The family is said to be increasing if for all x G £, \\x\\p < \\x\\q 
whenever p < q. 



Definition 2.6 A separable Frechet space ^ is called a countable Hilbertian space if its 

topology is given by an increasing sequence \\ ■ \\n, n € Nq, of compatible Hilbertian norms. A 
countable Hilbertian space $ is called nuclear if for each n G No there exists m > n such that 
the canonical injection from $„ into <5„ is Hilbert- Schmidt, where <&fc, for each A; G Nq, is the 
completion of ^ with respect to \\ ■ \\k. 



If $, {$n}ngNo £^re as above, then {$n}neNo is a sequence of decreasing Hilbert spaces and 
$ = n^Q<&„. Identify $q with $o using Riesz's representation theorem, and denote the space 
of bounded Hnear functionals on $„ by $_n- This space has a natural inner product [and norm] 
which we denote by (•, •)_„ [resp. ||-||_„], n G No such that {<I>_„}„gNo is a sequence of increasing 
Hilbert spaces and the topological dual of <I>, denoted as <&' equals Uj^Q<I>_n (see Theorem 1.3.1 
of |20]). Elements of $' need not have much regularity. Solutions of the SPDE considered in 
this paper will have sample paths in $'. In fact under the conditions imposed here the solutions 
will take values in D([0,T] : <&_n) for some finite value of n. 

We will assume that there is a sequence {4>j} C $ such that {(pj} is a complete orthonormal 
system (CONS) in $0 and is a complete orthogonal system (COS) in each ^n,'n £ ^- Then 
Wj} = {<Pj\\4>j\\n^} is a CONS in $„ for each n G Z. Define the map 9p : <I>_p -> ^p by 
0p(,/,7P) = (f)P.. It is easy to check that for all p G N, 6'p($) C $ (see Remark 6.1.1 of [20])- Also, 
for each r > 0, r? G <^_r and (j) G ^^ v[^] is defined by the formula 

00 
v[4>] = Y.{r],^j)-r{(P,(pj)r. (2.5) 

i=i 

We refer the reader to Example 1.3.2 of [20j for a canonical example of such a Countable 
Hilbertian Nuclear Space (CHNS) defined using a closed densely defined self-adjoint operator 
on $0- A similar example is considered in Section [H of this paper. 

Following [TU] , we introduce the following conditions on the coefficients A and G in equation 
(fTTT) . Let A : [0, T] x $' ^ $', G : [0,r] x $' x X ^ $' be maps satisfying the following 
condition. 



Condition 2.7 There exists po £ N such that, for every p > po, there exists q > p and a 
constant K = K{p, q) such that the following hold. 

a. (Continuity) For all t G [0,r] and u G $_p, A{t,u) G ^_g and G{t,u,-) G L^(X, zv; $_p). 
The maps u 1— >• A{t, u) and u 1— )• G(t, u, •) are continuous. 
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b. (Coercivity) For all t G [0,r], and (^ G $, 

c. (Growth) For all t G [0, T], and u G $-p, 

\\A{t,u)\t^<K{l + \\u\\%) 

and 

I \\G{t,u,v)\\%u{dv)<K{l + \\u\\%). 

d. (Monotonicity) For all t G [0, T], and ui,U2 G ^~p, 

2{A{t, Ul) - A(t, U2),Ul - U2)-q 

+ I \\G{t,Uuv) - G{t,U2.v)\\lu{dv) < K\\UI - U2\ 



In Section IH we will consider a model motivated by problems in hydrology where all parts 
of Condition 12.71 are satisfied. 

We now give a precise definition of a solution to the SDE (jl.ip . 

Definition 2.8 Let (M,B(M),IP, {^t}) he the filtered probability space from Section [KH Fix 
p G No, suppose that Xq is a To-measurable ^-p-valued random variable such that E||Xo||?_p < 
oo. A stochastic process {-^^tJjGfo.Tl defined on M is said to be a ^ -p-valued strong solution to 
the SDE (jl.ip with initial value Xq, if 

(a) Xf is a ^ -p-valued Tt-measurable random variable for all t G [0,T]; 

(b)X^eD{%T]:^^p) a.s.; 

(c) there is a q > p such that for all t G [0,T] and u G $-p, A{t,u) G $_g and G{t,u, •) G 
L^(X, z/; $_q), and there exists a sequence {o"„}„>i of {Tt}- stopping times increasing to infinity 
such that for each n> 1, 

f-TAa, 



and 

E 
/o 



/•I /\CTn r 

E \\G{s,XI,v)\\'igU{dv)ds<oo 

Jo Jx 

/■TAo-n 

/ \\A{s,XI)\t^ds<oo- 

Jo 



(d) for all t G [0, T], almost all uj ^M, and all cf) e ^ 

ft ft 



X'M = Xo[4>] + / A{s,XIMds + e [ [ G{s,Xl_,vMN'~\dsdv). (2.6) 

Jo Jo Jx 
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In Definition 12.81 N"" is the compensated version of iV^ as defined below (jl.ip . with N"^ 
having jump rates that are scaled by 1/e and is constructed from N, as below (I2.ip . 

One can similarly define a $_p-valued strong solution on an arbitrary filtered probability 
space supporting a suitable PRM. 

Definition 2.9 (pathwise uniqueness) We say that the ^^p-valued solution for the SDE 
\1-1\) has the pathwise uniqueness property if the following is true. Suppose that X and 
X' are two ^ -p-valued solutions defined on the same filtered probability space with respect to the 
same Poisson random measure and starting from the same initial condition Xq. Then the paths 
of X and X' coincide for almost all uj. 

The following theorem is taken from [20] (see Theorem 6.2.2, Lemma 6.3.1 and Theorem 
6.3.1 therein). 



Theorem 2.10 Suppose that Condition \2.7\ holds. Let Xq be a ^^p-valued random variable 
satisfying E||Xo||?_p < oo. Then for sufficiently large pi > p, the canonical injection from $_p 
to $-pi is Hilbert- Schmidt, and for all suchpi the SDE (II. ID with initial value Xq has a pathwise 
unique ^^p^-valued strong solution. 



3 Large Deviation Principle 



Throughout this section we will assume that Condition 12.71 holds. 

Fix p>po and Xq G $_p. Let X*^ be the $_p^-valued strong solution to the SDE (jl.ip with 
initial value Xq. In this section, we establish an LDP for {X*^} under suitable assumptions, by 
verifying the sufficient condition in Section | 



We begin by introducing the map Q^ that will be used to define the rate function and also 
used for verification of Condition 12.21 Recall that § = U7v>i5'^, where S^ is defined in (j2.3p . 
As a first step we show that under Conditions 13.11 and 13.51 below, for every 5 G S, the integral 
equation 

XI = Xq+ f A{s,XI)ds+ f f G{s,XI,v){g{s,v)-l)u{dv)ds (3.1) 

Jo Jo Jx 



has a unique continuous solution. Here g plays the role of a control. Keeping in mind that (12. 6p 
is driven by the compensated measure and that equations such as (|3.ip will arise as law of large 
number limits, g corresponds to a shift in the scaled jump rate away from that of the original 
model, which corresponds to ^f = 1. Let 

\\G{t,v)\\Q,.p = sup \\G(t2^^^)\\-P ^ (^t,v) G [0,r] X X. 

10 
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Condition 3.1 (Exponential Integrability) There exists 6i € (0,oo) such that for all E G 
B([0,r] X X) satisfying vt{E) < oo, 

e^^\\(^(''''')\\l-Pu{dv)ds < oo. 

E 

Remark 3.2 Under Condition \3.1[ for every 62 € (0, 00) and for all E G ;B([0, T] x X) satisfying 
vt{E) < 00 

g52||G(s/(;)||o,-pj,(^^)^^ < 00. 



The proof of Remark 13.21 is given in the appendix. 
Remark 3.3 The following inequalities will be used several times. Proofs are omitted. 

a. For a, b, a £ {0,00), 

ab<e''^ + -{b\ogb-b+l) = e'"' + -l{b). (3.2) 

a a 

b. For each /3 > there exists ci(/3) > 0, such that ci(/3) — )■ as /3 —)■ 00 and 

|x — 1| < ci(/3)/(x) whenever \x — 1\ > /3. 

c. For each /3 > there exists C2(/3) < 00, such that 

|x — 1| < C2(/3)/(x) whenever \x — 1\ < (3. 



In particular, using the inequalities we have the following lemma. 



Lemma 3.4 Under Conditions \2.7\ (c) and \3.1[ for every M G N, 



sup / \\G{s,v)\\l_p{g{s,v) + l)i^{dv)ds <oo, (3.3) 

/ \\G{s,v)\\o-p\g{s,v)-l\iy{dv)ds <oo. (3.4) 



and 



sup 



lim sup sup / \\G{r,v)\\o-p\g{r,v) -l\u{dv)dr = 0. (3.5) 

^^^ geS'^' \t-s\<S J[s,t]xX 



11 
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Proof. First notice that under Condition 12.71 (c) , we have 

\\G{s,v)\\l_piy{dv)ds < KT < oo. (3.6) 

Thus we only need to prove that 



sup / \\G{s,v)\\q _pg{s,v)i^{dv)ds <oo. 

li E = {{s,v) : ||G(s,t;)||o,-p > 1}, then by (13. 6p we have vt{E) < oo. Also, from the super 
hnear growth of the function /, we can find Ki, k.2 G (0,oo) such that for all x > ki, x < K2l{x). 
Define F = {{s,v) : g{s,v) > ki}. Then, from (13. 2p 



\\G{s,v)\L g{s,v)i^{dv)ds= / \\G{s,v)\L g{s,v)i^{dv)ds+ \\G{s,v)\L g{s,v)i^{dv)d, 

Je Je'= 

< [ e^^\\^^'^''^\\l-vu{dv)ds + ^ [ l{g{s,v))u{dv)ds 
Je oi Je 

+ / K2l{g{s,v))i^{dv)ds + Ki \\G{s,v)\\l_pi^{dv)ds. 

Combining this estimate with Condition 13.11 and the definition of S , we have ()3.3p . 
We now prove (fOI) and (f33|) . Note that 
\\G{r,v)\\o^^p\g{r,v) - l\v{dv)dr 

[s,t]xX 



\\G{r,v)\\ii^^p\g{r,v) - l\u{dv)dr + I \\G{r,v)\\Q^.p\g{r,v) - l\v{dv)dr. 

([s,t]xX)nE J {[s,t]xX)r\E<^ 

Using ()3.2p twice (once with h = g and once with 6=1), for any Mq G (0, oo) 

[ \\G{r,v)\\o^_p\g{r,v) -l\v{dv)dr <2 f e^oll^(^'^)llo-Kd^)cir + ^. (3.7) 

J{[s,t]xli)r\E J{[s,t]xX)nE -'Wo 

Recalhng Remark 13.31 for any 9 > and g G S*^ 

/ \\Gir,v)\\o-p\g{r,v) - l\iy{dv)dr 

J {[s,t]xX)nE'= 

\\G{r,v)\\o-p\g- l\i^{dv)dr 
{[s,t]xX)nE'=n{\g-i\<e} 



+ / \\G{r,v)\\o,-p\g-l\u{dv)dr 

I {[s,t]xX)nE'=n{\g-i\>e} 

\ 1/2 

<(/ \\G{r,v)\\l^puidv)dr] ^C2(0)M + ci(0)M. (3.8) 

:,t]xX I 
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The inequality in ()3.4p now follows on setting s = 0, t = T in (|3.7p and (|3.8p and using Condition 
0(c) and Remark [321 

Next consider p.Sp . Fix e S (0,oo). Choose Mq such that ;^ < |. Let (5i G (0, oo) be such 
that 

2 sup / e*^oll^(''''')"°--^i/((it;)dr < ^. 

]t-s\<SiJ{[s,t]xX)nE 4 

Now choose 9 G (0,oo) such that ci{9)M < |. Finally, choose 62 G (0, 00) such that 

\ 1/2 



sup I / \\G{r,v)\\l_puidv)dr\ V^^N < -. 



Using the above inequalities in p.7p and (|3.8p . we have for all 6 < inm{5i,62}, 



sup sup / \\G{r,v)\\o-p\g{r,v) -l\u{dv)dr <e 

geS^-f \t-s\<sJ[s,t]xX 

The result follows. ■ 

We will need the following stronger condition on fluctuations of G than (d) of Condition [27 



Let 



l|G'(*>'^)lli-g = sup 



\\G{t,ui,v)-G{t,U2,v)\\.g 



Condition 3.5 For q as in Condition 2.7. there exists 6 > such that for all E G fi([0,T] x X) 
satisfying vriE) < 00, 



e^l|G(«.^)ll?,-,i,(rf„)ds < 00. 



Remark 3.6 Under Conditions \2.7\ (d) and \3.5[ for every M G N, 

sup / \\G{s,v)\\l _q{g{s,v) + l)u{dv)ds < 00, 



and 



sup 



f \\Gis,v)\\i,-Ms,v)-MHdv)ds<oo. (3.9) 



The proof of this remark is similar to that of Lemma 13.41 and thus omitted. Note that 
Conditions 13.11 and 13.51 hold trivially if ||G(s,u)||o,-p and ||G(s,f)||i^_g are bounded in {s,v). 

Recall that pi > p is chosen such that the canonical injection from <I>_j, to ^^p^ is Hilbert- 
Schmidt. 
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Theorem 3.7 Fix g €§■ Suppose Conditions 2.7. \3.1\ and \3.5\ hold, and that Xq G *&-p. Then 
there exists a unique X^ £ C([0,T] : ^~pj^) such that for every (/> G $, 

Xf[4>] = Xo[(l)] + f A{s,XlMds + [ [ G{s,X!,v)mg{s,v) - lMdv)ds. (3.10) 

JO Jo Jx 

Furthermore, for N G'N, sup^gro^yi sup^g^jv ||Xf ||_p < oo. 



We note that in the above theorem X^ is a non-random element of C([0, T] : <l>„p^). We can 
now present the main large deviations result. Recall that for g €S, Vj,[dsdv) = g{s,v)v{dv)ds. 
Define 

gO(4) = X^ for 5 G S, with X3 given by (l3J0]l . (3.11) 

Let I : D{[0,T] : $_pj -^ [0,oo] be defined as in (HT 



Theorem 3.8 Suppose that Conditions \2.7\ \3.1\ and \3.5\ hold. Then I is a rate function on 
^-pi, and the family {X^}e>o satisfies a large deviation principle on D{[0,T] : "^-pi) with rate 
function I. 



We now proceed with the proofs. In Section [3.11 we prove Theorem 13.71 and in Section [37 
we present the proof of Theorem 



3.1 Proof of Theorem [37fl 

The proof of the theorem is based on the following two lemmas. The first lemma is standard 
and so its proof is relegated to the appendix. The norm || • || in the lemma is the Euclidean 
norm in M . 



Lemma 3.9 Let a, u : [0, T] x M'^ — ;► M'^ and 6 : [0, T] x M"^ — )• M be measurable functions such 
that, for a.e. s G [0,T], the maps y i— )• a{s,y), y i— )■ h{s,y) and y i— )■ u{s,y) are continuous. 
Further suppose that for some k G (0,oo), 

\\a{s,y)\\ + \b{s,y)\ < k{1 + \\y\\), for all s G [0,r], y G M'^ 

T 

sup ||u(s,y)||ds < M < oo. 

yeRd 

Fix xq G M . Then there exists x G C([0, T] : M ) such that x satisfies the integral equation 

x{t) = xo + / a{s,x{s))ds + / b{s,x{s))u{s,x{s))ds, (3-12) 

Jo Jo 
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and 

sup ||x(t)|| < {\\xo\\+K{M + T))e''^^'^+^\ 

t£[0,T] 



Lemma 3.10 Let {a'^,/}dgN be a sequence of maps, a'^ : [0,T] x M"* -> M"' and g'^ : [0,T] x 
M'' X X — ;> M'^, such that the following hold. 



a. For each s G [0,r] and y £ M°', g'^{s,y,-) £ L'^{X,i';R'^) and for each s G [0,r], the maps 
y I—)- a'^{s, y) and y i— )■ g'^{s, y, •) (from W^ to L^(X, u; M.'^)) are continuous. 



b. For some k G (0, oo) and all d G N, 

2{a''{s,y),y) < k{1 + ||y||2), V(s,y) G [0,r] x R'' 

and 

' \g\s,v)\\lv{dv)<K, VsG[0,T], 

r II fit Ml \\q'^{s,V,v)\\ 

where \\g''{s,v)\\o = sup^g^d i+||^|| • 

c. For each d G N, there exists Kd G (0, oo) with 

\\a^{s,y)\\ < Kd(l + ||y||), y{s,y) g [0,r] x M'^. 

d. There is a 5q £ (0,oo) such that for all E G i3([0,T] x X) satisfying vt{E) < oo, 



Then for any d £ 'N, tp £ § and Xq £ M.'^, the equation 

x'^{t)=x^+ I a'^{s,x'^{s))ds+ [ f g'^{s,x'^{s),v){ip{s,v)-l)v{dv)ds (3.13) 

Jo Jo Jx 

has a solution x'^ £ C([0,T] : M''). Suppose that sup^gpj ll^^olP < oo. Then for every M £ (0,oo), 
there exists a km £ (0, oo) such that 

sup sup ||x (t)|| <K,M, whenever 'tp £ S^ . 

d&ite[0,T] 



Proof. For each d fixed, equation (J3.13P is the same as (13.12P with the following choices of a, b 
and u: 

a{s,y) = a'^{s,y), 

b{s,y) = 1 + ||y||, 
15 
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and 

^(^^y)= / 1 I'li'ii ii^is,v) - l)j^idv). 

Jx -L + iiyii 

Thus in order to prove the existence of the solutions to (|3.13p , it suffices to verify conditions in 
Lemma 13.91 The continuity of a, b and first condition in Lemma 13.91 are immediate. The proof 
of the statement 

y I—)- u{s,y) is continuous for a.e. s S [0,T] (3-14) 

is given in the appendix. Finally note that 

rT rT r- 

sup II n(s,y) II (is < / / \\g {s, v)\\q\'iI) [s, v) — \\v{dv)ds < oo, 



ym.<i Jo Jx 

where the last inequality follows from conditions (b) and (d) using a similar argument as for 
([331) • Thus from Lemma [331 for each (i e N, there exists a x"^ G C{[0,T] : W^) satisfying ([3T3l) . 
Next note that 

\\x\t)\\^ = \\xt\\^ + 2 / /x\s), (a''{s,x\s)) + / g\s,x\s),v)ii;is,v) - lMdv)]\ ds 
< 11x^11^ + 2 / /x'^{s),a'^{s,x'^{s))\ds 



+ 2 / ||x'^(s)|| / \\g^{s,x\s),v)\\ ms,v)-l\u{dv)ds 
Jo Jx 

<\\xt\\^ + K [ {l + \\x\s)\\^)ds 
Jo 



+ 2f\\x''{smi + \\x'{s)\\)f\\g\ 
Jo Jx 



s,v)\\o\ip{s,v) — l\u{dv)ds 



(3.15) 



Let 



f{s)= / \\g''{s,v)\\oms,v)-lW{dv). 
Jx 

Then as before, using (b) and (d), we have that 

rT 



sup sup / / {s)ds < oo. (3.16) 

jpes'^' rfeN Jo 

Also, from (|3.15|) and using that c + c^ < 1 + 2c^ for c > 0, 

\\x''{t)\\^<(\\xX + f^T + 2 f fd{s)ds]+ f \\x\s)\\\^ + 4f\s))ds. 
Thus, by Gronwall's inequality 



k^(t)||'< (\\xt\\^ + KT + 2 I f''{s)ds^ 
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Hence if sup^^j^ ll^^oll < ^xo, then by p.l6p 

sup sup sup llx (t)|| < oo. 

The lemma fohows. ■ 

We are now ready to prove Theorem 13. 71 

Proof of Theorem 13.71 We first argue the existence of the solutions to (j3.10p . Let M G N be 
such that g G S^^ . Recall the CONS {4>\} defined by (^^ = (p^ ||0fe||p G *^p that was introduced 
below Definition 12.61 Fix d G N and let vr : <l>_p — )• W^ be the mapping given by 

and denote t:{Xq) by x[j. Define a"^ : [0, T]y.W^ ^ W^ and g'^ : [0, T] x M'^ x X ^ W^ by 



a'^{s,x)k = A s,^x 






and 



g'^{s,x,v)k = G\s,'^Xj(l)-'^,v\ [4>l\. 

It is easy to verify that a and g satisfy the assumptions of Lemma 13.101 and therefore there 
exists x'^ G C([0, T] : W^) which satisfies (|3.13p with ip replaced by g. Define the <l>_p-valued 
continuous function X'^, associated with x'^, by 

k=l 
Then with Rm as in Lemma 13.101 we have 

sup sup \\X^ 11^ < Rm- (3-17) 

dGNtG[0,r] 



Recalling the definition of u[4>\ from (j2.5p . let 7 : $' — )• <!>' be a mapping given by 



d 



A = E 



^\€\^l'- 



k=\ 

Let, for d G N, ^"^ : [0, T] x $' -^ $' and C^ : [0,r] x $' x X -> <!>' be measurable mappings 
given by 

A'^{s,u)=-i'^A{s,-i'^u) and C^is^u^v) = -i'^G{s,-i'^u,v). 
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Then X'^ solves 

Xficp] = X^[ct^] + / A\s,Xtmds +11 C'is^Xtvmigis^v) - l)y{dv)ds, <^ G $. 

JO JO JX 



We now argue that for each (^ S $, the family {X [0]}(igN is pre-compact in C([0,T] : M). 
From (I3.17p . we have 

~ (3.18) 



sup sup \Xf[4>]\ < swp sup llXj'^ll-pllc^llp < y^||(/)||p < CX). 
d te[0,T] d te[0,T] 

Now we consider fluctuations of X'^[0]. For < s < t < T, 

\Xf[4>]-Xi[4>]\ < f\A\r,X^M\dr+ f 

J s J s 



< I ||^'^(r,X,^)||_,||</.||,cir+ / / "-'^^- -'^ 



G'^{r,X^,v)[^]\ \g{r,v) - l\u{dv)dr 

G\r,X^,v)\\_M\Mr,v) - lWidv)dr. 



Also, for (s, u) £ [0, T] x $' 



'(^,^)ll-,= 


k=i 


= 


fc=i 


fe-1 


< 


^(^,7'n)||2_, 



where for the second equality we use the observation 
and the last inequality follows on observing that 



bUl-p < M-p, Vp>o. 



Similarly, 



\G''{s,u,v)\\% 



Y,G{s,Yu,vMl] 



k=l 



Y,(g{s,7\v)[<PI] 



k=l 



<\\G{s,^\v)\\l^. 
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Combining the above estimates we have 



+ M\pil + y^i) [ [ \\Gir,v)\\o.^p\g{r,^) -M^idv)dr. 

Js Jx 

By Lemma 13.41 we now see that 

hmsup sup \Xf[(p]-Xf[(l)]\=0. (3.19) 

^^0 dGfi \t-s\<5 

Combining (I3.18P and (I3.19P we now have that the family {X [(/)]} is pre-compact in C([0,T] : 
M) for every (/)£<!>. Combining this with (|3.17p we have that {X'^jj^gN is pre-compact in 
C([0,T] : <l*-pi) (cf. Theorem 2.5.2 in [20]). Let X be any limit point. Then by the dominated 
convergence theorem and the definitions of A'^ and C^ (see Lemma 6.1.6 and Theorem 6.2.2 of 
|20|). X satisfies the integral equation p.lOp . Note that the argument also shows that whenever 
g e S^, supt^[QT] W^tWip < Km- 

Next, we argue uniqueness of solutions. Suppose there are two elements X and X of C([0, T] : 
$_pj such that both satisfy (j3.10p . Then, using Condition 12.71 (d). 

\\Xt-Xt\t^ = 2 I {A{s,Xs)- A{s,Xs)^X,- X,)_^ds 
Jo 

+ 2 / [ {G{s,Xs,v) - G{s,Xs,v),X, - Xs)-M^^^) - '^>idv)ds 
Jo Jx 



<K I \\Xs-Xs\Wds 



+ 2 / \\Xs-Xs\W I \\G{s,v)\\i,.Ms,v) -l\v{dv)ds. 
Jo Jx 

Also, by Remark l3.6t 

rT f 

\\G{s,v)\\i-q\g{s,v) — l\i^{dv)ds < oo. 



JX 



An application of Gronwall's inequality now shows that ||Xt — X^p = for all t € [0, T]. 
Uniqueness follows. ■ 



3.2 Proof of Theorem ISTSl 

Prom Theorem 12.101 and by the classical Yamada-Watanabe argument (cf. [17]), for each e > 0, 
there exists a measurable map Q^ : M. ^ D([0,T] : ^-p^) such that, for any PRM n*^ on 
[0, T] X X with mean measure e~^XT(d)i^ given on some filtered probability space, Q''{en'' ) is the 
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unique ^-n^ valued strong solution of (jl.ip (with A^*^ replaced by n'^ = n*^ — e -^At®!^) with 
initial value Xq, where pi is as in the statement of Theorem l2.101 In particular, X"" = Q'^{eN'^ ) 
is the strong solution of (jl.ip with initial value Xq on (M, i3(M),P, {^(}). In view of this 
observation, for proof of Theorem 13.81 it suffices to verify Condition 12.21 



We begin with the following lemma. 

Lemma 3.11 Fix N € N, and let gn,g € S^ be such that gn -^ g as n ^f oo. Let h : [0,T] xX — t- 
M be a measurable function such that 

/ \h{s, v)\'^ UT (dvds) <oo, (3.20) 

and for all 62 G (0, 00) 

f e^^\''^''''^\Mdvds) < 00, (3.21) 

Je 

for all E G B{\Q,T] x X) satisfying vt{E) < 00. Then 

/ h{s,v){gn{s,v) — l)vT{dvds) ^ / h{s,v){g{s,v) — l)i'T{dvds) (3.22) 

as n —)• 00 . 

Proof. We first argue that given e > 0, there exists a compact set i^ C X, such that 

sup / \h{s,v)\\gn{s,v) — l\i'{dv)ds < e. (3.23) 

n J[0,T]xK'= 

For each /3 G (0, 00) and compact K in X, the left side of p.23p can be bounded by the sum of 
the following two terms: 

Ti = sup / \h{s,v)\\gn{s,v) - l\iy{dv)ds, 

n J(lO,T]xK'=)n{\g„-l\>l3} 

and 

T2 = sup / \h{s,v)\\gn{s,v) - l\iy{dv)ds. 

n ./([0,T]xiC<=)n{|5„-l|</3} 
Consider Ti first. Then for every L G (0, 00) 



Ti < sup / \h{s,v)\\gn{s,v) — V\v{dv)ds 

n J([0,T]xA-=)n{|g„-l|>/3}n{|h|<l} 



+ sup / \h{s,v)\\gn{s,v) — l\u{dv)ds 

n J([0,T]xi^'=)n{|5„-ll>/3}n{|/il>l} 



< sup / \gn{s.,v) — l\v{dv)ds 

n J{[0,T]xE-<=)n{|g„-l|>/3}n{|/i|<l} 



+ 2 



oL\hi'^^')\v{dv)ds + \suY> [ l{gn{s,v))v{dv)ds 



([0,T]x_ft'':)n{|/i|>l} L n JXj 
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where the inequahty uses (j3.2p twice (with b = gn and 6 = 1). Using inequaUty (b) of Remark 
31 the first term on the right side above can be bounded by 



ci(/3)sup / l{gn{s,v))v{dv)ds < ci{P)N. 

Therefore, 

Ti<ciil3)N + 2 

'{[0,T]xK'')n{\h\>l} 

Now choose /3 sufficiently large so that ci{f3)N < e/6, L be sufficiently large so that N/L < 
). Note that from (f3?20]) . i^T{\h\ > 1} < oo and 
Thus we can find a compact set Ki C X such that 



i(fO,Tlx_K'<=)n||/i|>l| -^ 



e/6. Note that from i^Mj, i^T{\h\ > 1} < oo and so by <K2T\\ . jj^j>-^ e^l''('''')li/T(dwds) < oo. 



2 / e^^^^'^^'^^Mdyds) < e/6. 

With f3 chosen as above, consider now the term T2. We have, using the Cauchy- Schwartz 
Inequality and inequality (c) of Remark 13.31 for every compact K, 

T2 < \h{s,v)\'^u{dv)ds X C2{l3) sup l{gn{s,v))u{dv)ds 

J[0,T]y.K<^ n Jxt 



< / \h{s,v)\'^u{dv)ds xc2il3)N. 

By (j3.20p . we can choose a compact set K2, such that T2 < e/2 with K replaced by A'2. Thus 
by taking K = Ki U K2, we have on combining the above estimates that Ti + T2 < e. This 
proves (|3.23p . 

In order to prove (j3.22p . it now suffices to show that, for every compact K C X, 



h{s,v){gn{s,v) — l)i'T{dvds) ^ / h{s,v){g{s,v) — l)i'T{dvds). (3.24) 

[0,T]xK J[0,T]xK 

Fix a compact K cX. From (j3.20p . we have that J,^ t]xK I^(*' v)\i'T{dvds) < 00. Thus to prove 
p.24p . it suffices to argue 

/ h{s,v)gn{s,v)h'T{dvds) ^ / h{s,v)g{s,v)uT{dvds). (3.25) 

J[0,T]xK J[0,T]xK 

When h is bounded, (j3.25p can be established using Lemma 2.8 in f^. For completeness we 
include the proof in Appendix. For general h (which may not be bounded), it is enough to show 



sup/ \h{s,v)\l{ih\>M}9nis,v)uT{dvds) ^0, (3.26) 

n J[0,T]xK 
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as M — )• oo. We have 



n J{[0,T]xK)r\{\h\>M} ^ „ y^T 

' ([0,T]xK)n{\h\>M} L 



sup / |/l(s,u)|l{|;,|>M}5f„(s,t;)l^T('il't?s) 

n J[0,T]xK 

< sup /" e^l^("''^)li/(dw)(is + y sup / /(5n(s, u))i/(dv)ds 

Given e > 0, we can choose L large enough such that N/L < e/2. Also, since 

f e^\^^'^'''^\vT{dvds) < oo, 

i[0,T]xi<' 

we can choose Mq large enough such that /(-roTlx_ft')n{|/i|>A/>^^ ('^^)^'^ — ^/^' ^°^ ^^^ -^^ — 

Mq. Thus for all Af > Mq, sup„ /rp^,^^ |/i(s,t;)|l|/i|>A.fgf„(s,t;)z^T('^wc^s) < £• Since e > is 
arbitrary, (|3.26p follows. This proves the result. ■ 

We now proceed to verify the first part of Condition l2.2[ Recall the map Q^ defined in p. lip . 
Proposition 3.12 Fix A^ G N, and let gn,g G S^ be such that Qn -^ g as n ^ oo. Then 



go (^.n) ^ g, ( 



0^4) 



Proof. Let X" = Q^ (4")- By Theorem 13.71 there exists a constant k G (0, oo) such that 

sup sup \\X^\\-p< K. (3.27) 

n te[o,r] 

Using similar arguments as in the proof of Theorem 13. 71 (cf. ()3.18p and (13.190 ). we have, for any 

sup sup |X"[(/)]| < oo. 
"- te[o,T] 

Also, 

ixrM - x^m < M\,VKVi+R{t - s) 

+ M\p{l + Vk) I [ \\G{r,v)\\o,-p\gn{r,v) -l\u{dv)dr. 

Js JX 

Using (|3.5p in Lemma 13.41 we now have that 



lim sup sup \Xt[(^] - Xs[<P]\ = 0. 

•5^0 „ \t-s\<S 
This proves that the family {X"[(/)]} is pre-compact in C([0,T] : M) for every E $. 
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Combining this with (j3.27p . we have that {X^j^eN is pre-compact in C([0,T] : ^-p^) (see 
Theorem 2.5.2 in [20]). Let X be any hmit point. An apphcation of the dominated convergence 
theorem shows that, along the convergent subsequence, 

/ A{s,X^Mds^ [ A{s,XsMds (3.28) 

Jo Jo 

as n — 7- oo. Furthermore, using the convergence of X" to X, Condition 12.71 (d) and ()3.9p . we 
have that 

f G{s,X^,vM{gn{s,v)-l)u{dv)ds- f f G{s,Xs,vM{gn{s,v)-l)u{dv)ds ^ 0. (3.29) 
Jx Jo Jx 

Here we have used the inequality 

G{s,X^,vM-G{s,X,,vM <||G(s,t;)||i,_, sup \\X2 - ^s\\-q 

te[o,T] 

along with inequality (j3.9p in Remark 13.61 

Also, from (j3.27p . we have that for some ki E (0,cxd) 

\G{s,Xs,vM\ < Ki\\G{s,v)\\o,-p, y{s,v) G Xt. 

Combining this with Condition 12.71 (c) and Remark 13.21 we now get from Lemma 13.111 that, as 

n — >• oo, 

[ Gis,X,,v)mgr,{s,v) - l)i^{dv)ds ^ I f G{s,Xs,v)[4>\{g{s,v) - l)u{dv)ds. (3.30) 
JX Jo Jx 

Combining (j3.28p . (j3.29p and (|3.30p we now see that X must satisfy the integral equation 
(j3.10p for all G <&. In view of unique solvability of (|3.10p (Theorem 13. 7p . it now follows that 
X = gO [i^^). The result follows. ■ 

We now proceed to the second part of Condition 12.21 As noted in Theorem 12. 4| it suffices to 
verify this condition with U^'^ replaced with U^^ . 

Recall from the beginning of this section that X"^ = Q'^{eN'^ ) is the strong solution of (jl.ip 
with initial value Xq on (M,e(M),P, {Ji})- Let v?, E U^^ , define Ve = l/v'e, and recah the 
definitions of N and i>t from Section [2.11 Then it is easy to check (see Theorem IIL3.24 of |19] . 
see also Lemma 2.3 of [9]) that 

£'j*^('(/'e) = exp < / \og{il)^{s,x))N{dsdxdr) + l {—'ip^{s,x) + l)iyTidsdxdr) 

[j{0,t]xXx[0,e-i] J(0,t]xXx[0,e-l] 

is an I ^i} -martingale. Consequently 

Q^(G) = I Sl{il^,)df, for GeB{M) 
Jg 
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defines a probability measure on M, and furthermore IP and Q^ are mutually absolutely contin- 
uous. Also it can be verified that under Q^, eN"" '^^ has the same law as that of eA^*^ under 
P. Thus it follows that X'' = Q''{eN'' '^^) is the unique solution of the following controlled 
stochastic differential equation: 

XI = Xo+ [ A{s,XI)ds + f f G{s,Xl_,v) (eN'~''^'{dsdv) - u{dv)ds) . (3.31) 

Jo Jo Jx ^ ' 

Proposition 3.13 Fix M G N. Lei ^e-,^ G U he such that ip^ converges in distribution to (p, 
under f, ase-^ 0. Then g^{eN^~^^-) => Q'^ {v'P) . 

Proof. If X"^ = Q'^{eN'^ ^'), then as just noted, X"^ is the unique solution of (|3.3ip . We now 
show that the family {X'^}e>o of D([0,T] : <l>_pi) valued random variables is tight. 

We begin by showing that for some eg G (0, oo) 



sup E sup llA^'llip <oo. (3.32) 

0<e<eo 0<t<T 



Recall that Op is defined by 0p(07^) = f^ for the CONS {(t>]'^,j G Z}. By Ito's formula, 

ll^tll-p = ll^o||'_p + 2 / A{s,Xl)[epXl]ds + 2 [ [ {G{s,XI,v),XI).p{ip, - lMdv)ds 

Jo Jo Jx 

+ I I (\\eG{s,XI_,v)\tp + 2{eG{s,XI_,v),XI_)_p^ (N^''^^{dsdv) - e-^^,v{dv)ds) 



'0 JX 
rt 

|2 



+ e / / \\G{s,XI,v)\\ip^Mdv)ds. 
Jo Jx 



(3.33) 



For completeness we include the proof of ()3.33p in the appendix. 
For the second term in ()3.33p , we have by Condition 12.71 (b) that 

2 [ A{s,Xl)[9pXI]ds <K I {1 + \\Xl\\'ip)ds. (3.34) 

Jo Jo 

Also, using a + a^ < 1 + 20? for a > 



[{G{s,Xl,v),Xl)^p{ip, - l)u{dv)ds 
Jx 



< r / "^^'fr"^""^ (i + ||A:ii^p)||A:ii_p|v..-i|Krf^)d. 

JO JX 1 + ||A|||_p 
< j^{l + 2\\Xl\\%)l^j^\\G{s,v)\\o^.p\^,-lHdv)^ds 

<Li + 2j \\Xl\\lp U\\G{s,v)\\o,-p\'Pe - iWidv)] ds, 
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where Li = sup^^^A/ /^ ||G(s,i))||o,-p|¥' — l\iy{dv)ds < oo, from ([3 
For the last term in (|3.33|) . we have 

^* r\\G{s,XI,vm 



t 
^x 



el I \\G{s,XI,v)\\lpipMdv)ds = e I / ', . \J/J J i^ + \\^l\\-p)^^Mdv)ds 



Jx (l + ||X|||_p)2 



^i 



<2e / (l + \\X 



s I l—pJ 



\\G{s,v)\\l f^i^idv) ds 



-re\\2 



< 2eL2 + 2eJ^ \\XI\\tp ^JJGis,v)\\l_^^,,y{dv) ] ds, 
where L2 = sup^g^M /^ \\G{s,v)\\q^ ipv{dv)ds < 00, from (j3.3p . 
We split the martingale term as Mt = Ml + Mf, where 

M} = I I \\eG{s,Xl_,v)\\lp (N'^'^^^idsdv) - e~^^,v{dv)ds\ , 



Jx 



and 



M 



t-l I 2{eG{s,Xl_,v),Xl_)_p(N' '^-{dsdv) - e-'^^v{dv)ds] . 
Jx 



-1, 



We now use the fohowing Gronwah inequahty: 

If T] and ^ > satisfy r]{s) <a+ i^{r)ilj{r)dr for all s G [0, t], then 77(t) < ae-^o '/'(«)'='«. 

JO 

Using this inequality, the above estimates, and Lemma 13.4^ we have that for some constants 
-L3,L4 G (1,00), 

sup ||X^'||L < L3 ( L4+ sup \mI\ + sup \M'^\] , (3.35) 

0<s<t V 0<s<t 0<s<t / 

for all eG (0,1) and t G [0,r]. 



For the term Ml , we have, for e G (0, 1) 

/ \\eG{s,Xl_,v)\\'ipN^~^'P-{dsdv) 
JU Jx 

2E / / \\eGis,Xlv)\\l e-^^,i^{dv)ds 
Jo Jx 



E sup \M^\ <E 

0<s<T 



E 



T 



JX 



\eG{s,Xg_,v)\\'^_pe ^ipei^{dv)ds 



T 



< AeEj^ (1 + \\Xl\\tp) ^JJG{s,v)\\l_p^Mdv)j ds 

<AeE \\G{s,v)\\l_pip,u{dv)ds + 4eE sup \\XI\\lp I \\G{s,v)\\l_pipeiy{dv)ds 



0<s<T 



<4eL2(l+E sup \\XI\\lp) 



0<s<T 



(3.36) 
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Next consider the term Mf. From the Burkholder-Davis-Gundy inequahty, we have that 



E sup IM^I < 4E[A/2];^/ 

0<s<T 



2il/2 

It 

T r ^1/2 



< 4E|y j^A^{G{s,Xl_,v),Xl_)%N'''^^{dsdv)\ 

<8Ei sup \\Xl\\\ f f e^\\G{s,Xl_,v)f N^'^'^^idsdv)) 

[o<s<T Jo J'K J 

<-^E sup ||X,^||2 +128e%Ef/ f \\G{s,XUv)\WN'~'^^{dsdv)] 

o^-i 0<s<T \Jo Jx J 

= -^E sup ||X|||2 + 128eL3E ( [ [ \\G{s,Xt,v)\\%^Mdv)ds] 

o^^3 0<s<T \Jo Jx J 



< -— E sup ||X,^||L + 256eL2L3(l + E sup \\Xl\\\). 

0L3 o<s<T 0<s<T 



(3.37) 



For the fifth inequality, we have used the inequality Vab < | + 2 with a = g^j- supo<5<'7' | |X|| |?_p 

and b = 32L3€^ J^ J^\\G{s,XI_,v)\\'ipN'~^'P^{dsdv). Combining ^M), (13^3611 and (lOTD we 
now have 

[e sup \\Xl\\lp\ (l - 4eL2L3 - 256eL2L'l - ^j < L3U + 4:L2L3 + 25QL2LI 
Choose eo small enough so that max{4eoi2-^35 25660^2-^3} < h- Then for e < eo, we have that 



E sup \\Xt\\lp < -(L3L4 + 4L2^3 + 256L2LI). 



This proves ()3.32p . 



In view of the estimate in (j3.32p . to prove tightness of {X^}^<^q in D{[0,T] : $~pi), it suffices 
to show that for all </> G $, {X^[(/)]}e<eQ is tight in -D([0, T] : M). For the rest of the proof we will 
only consider e < eo, however we will suppress eq from the notation. Fix (/) E #. Let 

Ct= [ Ais,XIMds+ f f G{s,XI,vM{ip,-lMdv)ds 
Jo Jo Jx 

and 

Ml = e j I G{s,Xl_,v)[(l)\N^~^'P'{dsdv). 
Jo Jx 
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To argue tightness of C"^ in C([0, T] : M), it suffices to show (cf. Lemma 6.1.2 of [20]) that for 
all r > 0, there exists 6 = 5r > such that 



sup P sup \C^ - C|| > T < T. 
0<€<€o \o</3-a<5 / 



(3.38) 



Fix r > 0. Then for arbitrary 6 > 0, 



supP sup |C7^-C7||>T 

e \0</3-a<5 , 



supr sup 

e \o</3-a<5 



< supP sup 

e \0<^-a<5 



+ sup P sup 

e \0<l3-a<5 



A{s,XIMds + / / Gis,XI,vM{ip, - lMdv)ds 



A{s,XI)[<j)]ds 



> T 



T 



Gis,XI,vMiip,-lMdv)ds 



> 



4 



< sup — E I 6 sup 



0<s<T 



A{s,X^,M 



+ sup — E sup 



G(s,X;,?;)[0]((^, -l)i/(dw)(is 
(3.39) 



From ()3.32|) and Condition 12.71 (c). it follows that 



supE sup 

e \0<s<T 



A{s,Xl 



< oo. 



Thus we can find 5i > such that for all S < 5i, the first term on the last line of (I3.39P is 
bounded by r/2. 



Now we consider the second term: 



a,/3]xX 
< 

< 



Gis,Xt,vM{^,-l)u{dv)ds 



p\l+ sup ||X|||_p 
V 0<s<T 



a,^]xX 



\\G{s,v)\\o-p\ipe - l\i^{dv)ds 



p 1+ sup ||X^'||„p sup sup / \\G{s,v)\\o-p\g -l\i^{dv)ds. 

V 0<s<T J geS'^' \t~s\<5J[s,t]xX 



Then from (j3.5p in Lemma [3.4l and (j3.32p . we can find ^2 > such that for all S < 82, the second 
term on the last line of ()3.39p is bounded by r/2. By taking 6 = 111111(61,62), ()3.38p holds and 
the tightness of {C"^}e<eo follows. 
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Next consider M^. We have 

E(M')y = eE / j {G{s,Xl,v)[(^]f^,v{dv)ds 

•^° ■'^ (3.40) 

<2e||</.||p(l+E sup \\Xl\t^) sup / \\G{s,v)\\l_j,ipv{dv)ds. 

0<s<T v'6'S'" -'Xt 

Using Lemma [3. 4| we have Esupg<^<2" (-^"^)s goes to as e —t- 0. Then by Theorem 6.1.1 in |20j . 
for any G <l>, the sequence of semimartingales -'^|[</'] = Xq [(/>]+ C| + M^*^ is tight in D([0,T] : M). 
It then follows from (l3:32]l and Theorem 2.5.2 in [20] that {X^},<,o is tight in D{[Q,T] : ^-pj. 

Choose a subsequence along which {X^, (p^,M^) converges in distribution to {X , (f, 0). With- 
out loss of generality, we can assume the convergence is almost sure by using the Skorokhod 
representation theorem. Note that X^ satisfies the following integral equation 

XM = Xom + I A{s,Xl)[(t>\ds + [ [ Gis,XI,vM{ip, - l)u{dv)ds + M\ 
Jo Jo Jx 

Along the lines of Theorem 13.71 and Proposition 13.121 (see ()3.28p - p.30p ) , we see that X must 
solve 

XiM = ^oM+ / A{s,Xs)Ws+ [ [ G{s,Xs,vM{^-lHdv)ds. 
Jo Jo Jx 

The unique solvability of the above integral equation gives that X = Q^ (^^)' thus we have 
proved part 2 of Condition [221 i-e., ^'(eA^'"''^^ ^ ^° i'^'^)- ■ 

We are now ready to prove the main theorem. 

Proof of Theorem 13.81 Using Propositions 13.121 and 13.131 Theorem 13.81 is an immediate 
consequence of Theorem 12.41 ■ 



4 A one dimensional model for spread of a chemical agent 



In the hydrology literature (see [3T] for example) , partial differential equations of the following 
type are often used to model the spread of a pollutant in a reservoir, river or air: 

DAcb-V-V^-a(j) + Q = 0. (4.1) 

Here (pix) represents the water quality or pollutant concentration at location x; A is the Lapla- 
cian operator modeling the diffusion of the chemical; D is the coefficient capturing the strength 
of the diffusion effect. The term V ■ V(p models the convection term, here V is the gradient 
operator and V is the velocity vector. The scalar a > can be interpreted as the rate of dis- 
sipation of the chemical and Q > is the "load" or pollutant issued from outside. Pollutants 
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take various forms, such as nutrients (e.g., runoff fertilizer) , microbiological, and chemical (e.g., 
pesticides) . 

The deterministic equation ()4.ip models the steady state density profile of the pollutant and 
does not take into account any temporal or stochastic variability. A dynamic stochastic model 
for pollutant spread described through a stochastic partial differential equation (SPDE) driven 
by a PRM was studied in |20j . We begin by describing this model in a one dimensional setting, 
where it describes the evolution of a pollutant deposited at different sites along a reservoir. Our 
goal is to study probabilities of deviations from the nominal behavior by establishing a suitable 
large deviation principle. 



4.1 Dynamic SPDE Model 

The model considered here describes the spread of a chemical agent which is released by several 
different sources along a one-dimensional reservoir. Suppose that there are r such sources located 
at different sites ki, . . . ,Kr S [0, /], where the interval [0, 1] represents the reservoir. These sources 
release pollutants according to independent Poisson streams Ni{t), with rate fi, i = 1, ■■■,r, and 
with random magnitudes A^(cj), j £ N, i = l,...,r, which are mutually independent with 
magnitudes in the i stream having common distribution Fi{da). 

Formally, the model describing the evolution of concentration is written as follows: 

d d"^ d 

-Q-Mt, x) = D—u{t, x) - V—u(t, x) - au{t, x) 

(4.2) 
+ EE^K'^)'^K.(x)l|,^^.(^)| 

i=l j 

where t-{uj), j G N are the jump times of Ni, and 5a{x) is the Dirac delta measure with unit 
mass at a. The equation is considered with a Neumann boundary condition on [0, 1] . A Neumann 
boundary condition is reasonable as a model for a reservoir, though one would expect in this 
case that at the boundary the component of the velocity orthogonal to the boundary would be 
zero, which in the current setting would mean V = 0. However, the example is for illustrative 
purposes only, and the domain, boundary conditions and differential operator may be made 
much more general, though one will not always obtain expressions as explicit as those given 
below. 

The equation (j4.2p can be regarded as a stochastic partial differential equation driven by a 
Poisson random measure. The Poisson random measure N driving the equation is a random 
measure on the space M+ x X with X = J x M+ and J = {1, 2, ..., r}, and can be represented as 

r Ndt) 

N{%t] xAxB) = Y,U{^ Yl ^b{A{{uj)), t>0, ^C J, B€B{R+). 
i=i j=i 
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The intensity measure of A^ is given hy i^q = X(^i', where A is the Lebesgue measure on M+ and 

r 

u{A xB) = Y, lA{i)hFi{B), A<Zl Be B{W+). (4.3) 

We now introduce a natural CHNS associated with equation (|4.2p (see [20]). Let p G ^AF[0, 1] 
be defined by 

p{A)= I e~'^^dx- AGi3[0,/], 

J A 

where c = ^. Let H = L^([0,/],p). Then {(f)j^j^■^^^ defined below is a complete orthonormal 
system on H of eigen-functions of the operator L defined by 

with Neumann boundary (/''(O) = (t)'{l) = 0. 

(t>o{x) = \j -^_ g-2d ' ^0^^) = Yye''''sinf — x + ttj j ; 

Oj = tan~^(-— ), j = l,2, 

The corresponding eigenvalues, denoted by {— Aj}jgNo) ^^e given as 

Ao = 0, \j = Di^+(^ 

For (j) £ H and n £ Z let 

oo 

where ((/>, ip) is the inner product on H. Define 

$ = {<^Gi/: ||0||„ <oo,VnGZ} (4.5) 

and let $„ be the completion of $ with respect to the norm || • ||„. Note that $o = H, and it 
can be checked that $ is a CHNS. 

With $ defined by (|4.5p . the equation in (j4.2p can be written rigorously as a SPDE in <&' as 
follows. Define ^ : $' ^ $' and G : X ^ $' by 



^(■u)[(/>] =u[L(/>] -an[0] + J]]ai/i(/)(K;i)p(K;i), (/)G$,nG$' (4.6) 

i=l 

G{i, a)[(t)] = a(t){Ki)p{Ki), {i, o) G J x M+, G $ (4.7) 
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where Qj = jjg aFi{da) and L is defined as in ()4.4p . 

Let (i7, c^, P, {-Ft}) be a filtered probability space on which is given a Poison random measure 
A^ with intensity measure \® v, with v as in (j4.3p . such that A^([0, t] x A x i3) — iz^(j4 x 5) 
is a {J-f} martingale for ah y4 C J, i? e i3(]R+) satisfying i/(A x B) < oo, and let no be a 
J^o-measurable random variable with values in <&'. In order to formulate the SPDE, we will need 
square integrability assumptions on Fi, but with large deviations questions in mind, we impose 
the following stronger integrability requirement. 



Condition 4.1 There exists 5 > such that 

OD 

e^"' Fi{da) <oo, Vi = l,...,r. 





Let N(dsdv) be the compensated random measure of N, i.e. 

iV([0,t] xB) = N{[0,t] xB)- tu{B), 

\/B G B{%.) with y{B) < oo. Note that the operator —L on H is positive definite and self-adjoint, 
and thus the following definition of a solution of ()4.2p is natural. 

Definition 4.2 Fix p > 0, suppose that E||uo||?_p < oo. A stochastic process {nt}ig[o,oo) defined 
on (ri, ^, P) is sazd to be a ^-p-valued strong solution to the SPDE (|4.2p with initial value uq, 
if 

(a) ut is a ^-p-valued Ft-measurable random variable, for all t £ [0,oo); 

(b) u G i:'([0,oo) : $_p) a.s.; 

(c) For all t G [0,oo) and a.e. uj 

nt[0] = noM + f A{usMds +11 G{v)[<l)\N{dsdv), V,/. G $. 
Jo Jo Jx 

We are interested in the behavior of the solution when the Poisson noise is small, namely the 
case where vq is replaced with €~^i^o and G with eG, and e is a small parameter. More precisely, 
the goal is to study the large deviation behavior of {u^}o<i<T hi D{[0,T] : ^-p), as e — )■ 0, where 
u^ solves the integral equation 

ul = uo+ / A{ul)ds + e / / G{v)N^'\dsdv), 
Jo Jo Jx 
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where N^ is the compensated version of N"^ as introduced below (jl.ip and N*" is constructed 
using N as in (|2.ip . Here iV, as in Section [2l is once more a Poisson random measure on 
[0,T] X X X [0,00) with intensity v't = Xj^f^vf^ X^o- In particular, we are assuming (without loss 
of generality) that the filtered probability space {Q,^,F, {Tt}) introduced below (j4.7p is large 
enough to support the Poisson random measure N that has the usual martingale properties with 
respect to the filtration {J-^t}- 

It can be easily checked that the functions A and G satisfy Condition 12.71 with pQ = 1. 
Moreover in the setting of this section, for any pi > 2, the canonical injection from <I>_i to 
$_pj is Hilbert-Schmidt. Recall the space M and S from Section [2j Recall that u^{dsdv) = 
g{s, v)u{dv)ds. 



' liicip i:' 



For pi > 2 fixed, define the map a° : M ^ U = L>([0, T] : ^^pj as follows. 



gU(zy|,) = u9 for g £S, with u^ given by KE\i . 

uM = no[(/>] + / A{uiMds +11 G{vm{g{s,v) - l^ridyds), V(/> G $. (4.8) 

Jo Jo Jx 

From Theorem 13.71 we have that there is a unique u^ G Z)([0, T] : ^-pj^) that solves (j4.8p . 

Define / through (j2.4p , where Lt is as in (12. 2p . It can be checked that Conditions 13.11 and 
13.51 are satisfied under Condition 14. 1[ Thus, as an immediate consequence of Theorem 13. 8[ we 
have the following large deviation principle for u^. 

Theorem 4.3 Suppose Condition \4 -11 holds. Fix pi > 2. Then I is a rate function on U and 
the family {n'^}e>o satisfies a large deviation principle, as e — t- 0, on D{[0,T] : <I>_p^), with rate 
function I. 

Note that as e — )• 0, u*^ converges in D{[0,T] : $_pi) to u^ that solves the integral equation 

u^t[4>] = m[4>] + [ Aiu^.Mds, V0 G $. 

Jo 
In particular, if uo solves the stationary equation 

where 

r 

Q{x) = ^aifi6,,^{x), 

i=l 

then Uf = uq for all t > 0. It is easily verified that there is a unique <&_i valued solution to (14. 9p 
which can be explicitly characterized by 

r 00 J, 

Uo[4>] = ^^ '[ {<t>,(t>j)(t>j{i^i)p{i^i), V0 G $. 
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Equation ()4.9p should be compared with the stationary deterministic equation (j4.ip . This equa- 
tion, which appears in [31], has been proposed as a model for the long time concentration profile 
when there is a constant rate, non random, source term given by Q{x). Theorem 14.31 provides 
probabilities of large deviations from the steady state nominal values given by (|4.ip when the 
true source term is a small noise perturbation of Q. We remark that in this case the solution 
to the integral equation for u^ (i.e., ()4.8p ) that is used to define the map Q^ appearing in the 
formula for the rate function, can be explicitly written as 



uM 



oo r 

i=o i=l 



^''+^^^'ncPj{Ki)p{Ki){(l),cP, 



JO 



,(a+Aj)s 



ag{s,i,a)Fi{da)ds + 



ai 



a + A,- 



5 Appendix 



5.1 Proof of compactness of S 



N 



Lemma 5.1 For every N G'N, {v^ : g G S } is a compact subset of 



Proof. The topology on M, which was described in Section 12.11 can be metrized as follows. 
Consider a sequence of open sets {Oj,j G N} such that Oj C Oj+i, each Oj is compact, and 
UjL^Oj = Xt (cf. Theorem 9.5.21 of [^). Let (/)j(x) = [1 - d{x,Oj)] V 0, where d denotes the 
metric on X^. Given any /i € M, let fi^^' G M be defined by [dfi^^' /dfi^ (x) = 4>j{x). Given 
//, i^ G M, let 



d{^^ u) 



oo 

E 



2-J 



^(i) _ „U) 



BL 



where |H|g^ denotes the bounded, Lipschitz norm on J^f(Xt)- 

fdp(^^ - [ fdv^i^ ■\f\oo< 1. 1/(^) - fiy)\ < d{x, y) for all x, y G Xr 



^0) _ ^U) 



BL 



sup 



It is straightforward to check that d{fi, u) defines a metric under which M is a Polish space, 
and that convergence in this metric is essentially equivalent to weak convergence on each compact 
subset of Xt- Specifically, (i(/Xn,/i) — )• if and only if for each j G N, ^n -^ f-i^-'' in the weak 
topology as finite nonnegative measures, i.e., for all / G (^^(Xt) 



J Xt J Xt 



Let Hn = Vj^- We first show that {//n} C M is relatively compact for any sequence {^n} C 
S^ . For this, by using a diagonalization method, it suffices to show that {)Un } C M is relatively 
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compact for every j. Next, since /Un are supported on the compact subset of Xt given by K^ = 
{x\(l)j{x) / 0}, to show {/in } C M is relatively compact it suffices to show sup„/in (Xy) < oo. 
The last property will follow from the fact that LT{gn) < N for all n, and the super-linear 
growth of /. Specifically, let c G (0,oo) be such that z < c{l{z) + 1) for all z G [0, oo). Then 

sup fj,}^' (Kt) = sup / (j)j{x)gn{x)vT{dx) < sup / gn{x)vT{dx) < c{N + vt{K-')) < oo. 



n JXt 



n JRI 



Next, suppose that along a subsequence (without loss of generality, also denoted by {j-i-n}), 
IJ'n ~^ 1^- We would like to show that /x is of the form Uj,, where g G S^ . For this we will use the 
lower semi-continuity property of relative entropy. The result holds trivially if /x = 0. Suppose 
now /i / 0. Then there exists jo G N such that for all j > jo, inf^gN ^j^{Oj) > 0. For j > jo, 
define 

c^' = 4^'^(Xt), 4 = 4^'Vc^'; 

4 = /x(^-)(Xt), /i^- = /.(^Vc^^- 

Then pi, fin and Jl^ are probability measures, and 



i?(/i^jl4) 



1 

J 
1 

J 
1 



log{gn{x)) +log 



C>n 



gn{x)(l)j{x)vT{dx) 



[l{gn{x)) + gn{x) - 1] 4)j{x)vT{dx) + log 



Smce /in 
entropy. 



< ^A^ + 1 . + log ^ 

•-n <^n \ '^n 

/i"', we have cii ^ c'^. Thus by the lower semi-continuity property of relative 



R{lJ,^\vY) < liminf i?(/x^||i/y 



< liminf 

n— >oo 



1 C^ / cJ 

-^N + 1 . + log ^ 



<lAr + i_4 + log| 4 



4 
< oo. 



4 



ci 



(5.1) 



Thus /i"' is absolutely continuous with respect to vf,' . Define g^ = d^^^'/dv?^', and g = g^ on Oj. 



,{i) 



It is easily checked that g is defined consistently, and that /i = v^. Also by a direct calculation, 

Cfii. J'Kt 






Combining the last display with (|5.ip . we have /^ l{g{v))(j)j{v)vT{dv) < N, for all j. Sending 
j — >■ oo, we see that g G S'^. The result follows. ■ 
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5.2 Proof of Theorem [2741 

Proof. Proof follows by modifying arguments for the lower bound and upper bound in the proof 
of Theorem 4.2 of [9]. 

Lower Bound. Following the proof of Theorem 2.8 in [9] , it is easy to see that — e log E ( e~'' ^y^") 
is bounded below (actually equal to) 



inf E 



Lt{^) + F o g' Un' "p 



(5.2) 



where U = UAr>iZY . The rest of the proof for the lower bound is as in Theorem 4.2 of [9]. 
Upper Bound. Fix 6 £ (0, 1) and (J)q £ V such that 

/(<^o) + F{4>o) < inf (/(0) + F(0)) + 6. 

Choose g G S^y such that L^ig) < /(^o) + f^- Note that g G S^q implies (po = Q^ {i^t)- Define 

1^ 



gn{t,x) 



g(t, x) V — An for x G K„ 
nj 

, 1 else. 

Then gn G Ab^n C Ab. By the monotone convergence theorem, Lrign) t Lxig)- 



Recalling from the proof of the lower bound that — elogE (exp (— e ^F(Z'^))) equals the 
expression in ()5.2p . 



lim sup -elogE (e"' '^^^^'^ 



e^O 



< Lt {gn) + liiii sup E 

< LT{gn) + Fog^{u'^-] 



FoQ^leN' 9n 



where the last inequality follows on observing that since gn G U for some N, we have by 
assumption that, for each fixed n, Q'^[eN'^ ^") =^ Q^ (^t")' ^s e ^ 0. Sending n — )• oo, we have 

limsup-elogEfe-^''-^(^')) < Lrig) + F o Q^ (u^) 

< /(0o) + <5 + F o gO (4) 

= I{cl)o) + F{cl)o) + 6 

< inf(/(0) + F(</.)) + 2<5. 

Since 6 G (0, 1) is arbitrary the desired upper bound follows. This completes the proof of the 
theorem. ■ 
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5.3 Proof of Remark [3l2] 

Proof. Let E G 5(Xt) be such that ut{E) < oo. Fix 62 G (0,oo), and define F = {{s,v) e 
Xt:\\G{s,v)\\o,^p>52/Si}. Then 



JEnF JEnF'' 

< /" e'^ill^(*''')llo,-pi.(d^)ds + e''2/^VT(^) <oo. 
Je 



The remark follows. 



5.4 Proof of Lemma 13.91 

Proof. The proof proceeds through a standard Picard iteration argument. Define x^{t) = xq 
for all t G [0, r]. Define x"'(i) iteratively as 

t pt 



x^{t) = xo+ a{s,x^~\s))ds+ b{s,x''~\s))u{s,x''~\s))ds, tG[0,r]. 
Jo Jo 

Then 

||x"(i)|| <||xo||+ / \\ais,x^-\smds+ [ \\bis,x^-\s))uis,x^-\s))\\ds 
Jo Jo 

<||xo||+ / k{1 + \\x''-\s)\\)ds + I K(l + ||x"-^(s)||)sup||n(s,y)||ds 
JO Jo y 

< ||xo||+K(M + r) + K / ||x"-^(s)||(l + sup||n(s,y)||)(is. 

Jo y 

Let L = \\xq\\ + k(M + T), a{s) = 1 + supj^ ||n(s,x)||, and /3(t) = Jq a(s)ds. Then a recursive 
argument shows that for all t G [0,T], 

iix"(t)ii < L + ^mt) + ^/3(i)2 + • • • + ^/3(tr, 

2 n! 

and thus 

sup sup ||x"(t)|| < Le^^(^) < Le''(*^+^). (5.3) 

" te[o,T] 

Similarly 



|x"(t)-x"(s)|| < / ||a(s,x"-i(r))||dr+ / \\b{r,x'^~\r))u{r,x''~\r))\\dr 

J S J S 

<K(l + Le'^(^-^+^))(t-s) + K(l + Le'^(*-^+^)) / sup ||n(r, y)||(ir 

Js y 
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and therefore 



limsup sup ||x"(t) - x"(s)|| = 0. 
s^o n \t-s\<S 



Together with (j5.3p shows that the sequence {x"} is pre-compact in C([0, T] : M'^). Let x be a 
hmit point of some subsequence of {3;"}. Then using the continuity properties of the functions 
a, b and u with respect to x and the dominated convergence theorem, it is easy to check that x 
satisfies (I3.12p . The lemma follows. ■ 



5.5 Proof of (I3A41) 

Proof. Let y„ — ^ y, yn,y € K*^. We will like to show that u{s,yn) — > u{s,y) for a.e. s G [0,r]. 
Note that, since ijj G 5*^, f,QrpT^^l{'ip{s,v))i'{dv)ds < M. Thus there exists Ti C [0,T], with 
At(T5) = and such that 



l{'il:{s,v))u{dv) < 00, Vs G Ti. 
Also, from arguments similar to those in the proof of Lemma 13.41 

/ \\g {s,v)\\o\iIj{s,v) — l\u{dv)ds < 00. 
Consequently, there exists T2 C [0,T], with AT(ir2) = and such that 

\g'^{s,v)\\o\^p{s,v)-l\i^{dv) <oo, Vs G T2. (5.4) 



Let T = Ti nT2 and fix s G T. Define Ffj{s) = {v eX: |V'(s,v) - M < P} for /3 G (0,oo). Then 
u{s,yn)= — — "n — 7^{ip{s,v)-l)v{dv)+ -r-T\ — Tr{'4^{s,v)-l)v{dv) 

JxnFfi l + l|yn|| JxnF^ l + l|yn|| 

= ui{s,yn) +U2{s,yn)- 
From part (c) of Remark 13.31 for all v G i^/3(s), 

mS,v)-lf<C2{mHs,v)). 

Thus [ip{s,-) — l]lp ig\{-) G L^(X, z^;M). From assumption (a) in Lemma 13.101 we now see that, 
for all such s, ui{s,yn) — )• ui{s,y), as n — )• 00. 



For U2{s,yn), we have 

g'^{s,yn,v) 



iip{s,v) - 1] 



<\\g''{s,v)\\oms,v)-l\. 



1 + l|yn,| 

From ()5.4p . the term on the right hand side is i/-integrable. Furthermore, i^{Fg) — t- from the 
super linear growth of /. Thus U2{s,yn) converges to 0, uniformly in n, as /3 goes to 00. The 
term 1*2(5, y) can be treated in a similar manner. Thus we have shown that, for all s G T, 
u{s,yn) — )• u{s,y). Since XtO^'^) = 0, the result follows. ■ 
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5.6 Proof of (I3.25P when h is a bounded and measurable function 

Proof. We can assume without loss of generality that /^ guT^dsdv) ^ and /^^ gni^ridsdv) ^ 0, 
for all n > 1. Define probability measures P" and u as follows: 

rUn rn 

where nin = /^ gni^ridsdv) and ttT' = fx gj^ridsdv). If 9{-) = y\j^\ , then 9 is also a probability 
measure. We have 

R{D^\\e) = I log f^^^^^n") —gnMdsdv) 

= / {l{gn) +gn- l)Mdsdv) + log ^^^^ 



m„, m„, rur, 



Noting that ?tt-„ — t- m, we have that there exists constant a such that sup„gpj R{iy"'\\9) < a < oo. 
Also note that D^ converges weakly to D. From Lemma 2.8 of [3], we have 

/ h{s,v)gn{s,v)i'T{dvds) ^ — / h{s,v)g{s,v)i>T{dvds), 

f^n J[0,T]y.K ITT- JlO,T]xK 

which proves (|3.25|) . ■ 



5.7 Proof of Ito's formula in ((Ml) 

Proof. Here we will give the proof for a simpler case when Xt satisfies the following integral 
equation, the proof of (j3.33p being very similar to this case: 

Xt = Xo+ I A{s,X,)ds+ I [ G{s,Xs-,v)N{dsdv). 
Jo Jo Jx 

For j G N, 

Xt[9p(P,] = Xo[9pcl)j] + [ A{s,Xs)[9p<p.i]ds+ [ f G{s,Xs-,v)[9p<Pj]N{dsdv). 
Jo Jo Jx 

Note that 

Xt[9p(l)j] = {Xt,4>j)-p = ||(/>j||_p(Xt,(/>J^)_p, 

so 

oo oo 

Y, u^\l{Xt[9p<t^,]f = Y,{XtAj')ip = \\xt\tp. 
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If ^j{t) = Xt[Op(pj], then Cj(t) satisfies 

^j{t) = Cj{0) + / a^{s)ds + f [ b>{s,v)N{dsdv). 
Jo Jo Jx 

where a-'(s) = A{s,Xs)[Op(j)j] and b^{s,v) = G{s, Xs-,v)[6p(j)j]. Applying Ito's formula (cf. 
Theorem 2.5.1 of jl7] ) to the real valued semimartingale ^j(i), we have 



C|(0 = e|(0) + 2 [ a^{s)Cj{s)ds + 2 I I b>{s,v)^j{s-)N{dsdv) 
Jo Jo Jx 

+ [ f [V{s,v)fN{dsdv)+ f f [V{s,v)fv{dv)ds. 
Jo Jx Jo Jx 



(5.5) 



Note that ||Xt||_ = ^^i ||<^j||pC?(*)- So for the second term in (|5.5|) . we have 



7 Jkjiip 



\^ 



(s)Ci(s) = Y. \\4>j\\lA{s,Xs)[9p<P,]Xs[9p<P,] 



Ais,X, 
A{s,Xs 
A{s,Xs 



J2m\lx,K<l>j]ep^ 



i=i 



'Y\\(t'j\\l{^s,(l)j)-p\\(t>j\\-p(t>j 






^D-.^ 



^(s,X,)[0pX, 



Also, we have 



J2m\lVis,v)^j{s-) = J2\\'l>j\\lGis^Xs-,v)[epcPj]Xs-[0p^j] 



j=l 



J=l 



X]||</'j||p(G(s,X,_,^),</.,-)_p(X,_,0,) 



oo 



J2{G{s,Xs-,v),^J^)^p{Xs^,^J^).p 
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Finally, notice that 



j2\m\l[vis,v)f = Y,\m\iiG{s,Xs-,v)[9pct>j]f 

oo 

~^ 2 



5^((G(s,X,_,z;),0. 



= ||G(s,X,_,^;)||2„p. 
Combining the above equalities with (|5.5p . we have 



\Xt\W = \\X^\W^2 f A{s,Xs)[9pXs]ds + 2 f f {G{s,Xs-,v),Xs^)^pN{dsdv) 
Jo Jo Jx 

+ [ [ \\G{s,X,_,v)\\%N{dsdv)+ [ [ \\G{s,Xs-,v)\\lpU{dv)ds. 
Jo Jx Jo Jx 
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